Abstract. It is shown for the first time that the balance between self-phase-modulation (SPM) and gain saturation in an active medium of a solid-state laser with a limited gain bandwidth can generate a chirped frequency-shifted quasisoliton. Introduction of additional amplitude or phase modulation stabilises this quasisoliton.
Efficient generation of ultrashort pulses in solid-state lasers is possible by utilisation of a wide range of traditional resonant and nonresonant optical nonlinearities. The latter include self-phase-modulation (SPM) [1] , the optical Kerr effect [2] , and self-focusing [3] . Since the response time of third-order nonlinearities amounts to a few femtoseconds, extremely short pulses have been generated in solid-state laser systems. It has been shown earlier that an external perturbation of a laser system (for example, modulation of the cavity period [4] ) can start generation of ultrashort pulses even in the absence of traditional amplitude modulation of radiation [5] . It is now held that mode locking can be achieved more easily than had previously been thought.
We shall show that a laser system with just SPM and energy saturation of the gain of the active medium with a finite width of a luminescence band can operate in a nonlinear mode, which can be excited under certain conditions, and, this is demonstrated by generation of a train of ultrashort pulses.
It is known (see, for example, Ref. [6] ) that, if the change in the field during one round trip in a cavity is small, evolution of the field in a laser system can be described by the generalised nonlinear Landau -Ginzburg equation:
where a(k, t) is the profile of the generated radiation field; k is the number of cavity trips; t is the local time; <x{i) is the gain in the active medium; y represents the linear losses; q{t\a) is, in general, a nonlinear operator describing modulation of the field under the conditions of active or passive mode locking. The term with imaginary unity is associated 
Jo is proportional to the local energy; T = ot { /fi; a is the cross section representing emission from the active element; a 0 is the gain at a moment of local time corresponding to a maximum of an output pulse, governed by the energy of continuous pumping of the system [7] .
Direct substitution shows that, if we include the main 'laser' part of Q and the first two or three terms in the expansion of the gain, the system of equations (1) has the following solution:
where a^ is the amplitude; \j/ is the chirp; i p is the pulse duration; 8 is the group delay in one cavity period; a> can be interpreted as the detuning of the carrier frequency of a pulse from the centre of the gain band. Physical interpretation of the solution (2) is as follows. A pulse propagating in a nonlinear medium acquires a positive SPM-induced chirp in the central part of the profile, so that its instantaneous frequency increases with time (curve 2 in Fig. 1 ). On the other hand, the gain is depleted along the pulse profile (curve 3 in Fig. 1) . The If components, localised at the front of an ultrashort pulses are amplified to a greater extent than the hf components localised in the trailing part of the pulse. This shifts the emission spectrum in the red direction. On the other hand, the hf spectral components of a pulse are closer to the centre of the gain band and, consequently, they are amplified preferentially (curve 4 in Fig. 1) . The net gain then has a local maximum corresponding to a quasisoliton described by expression (2) (curve 3 in Fig. 1 ).
It follows that the balance of internal factors inherent in a solid-state laser system, such as SPM, the energy depletion of the gain in the active medium, and the existence of a gain band profile may give rise to ultrashort pulses with a Stokes shift of the spectrum. If only the first two terms are retained in the expansion of the local gain, the parameters of a pulse described by expression (2) are
. If the term quadratic in energy is retained in the expansion of y.(t), we obtain
where
The pulse durations defined by the sets of expressions (3) and (4) are plotted in Fig. 2 . In each case, the solution exists in a limited range of T: 0 < z < \/%/5y for the set of expressions (3) and 0 < T < l/[(2 -4Vl/3)/}'] 1/2 for (4). In this range there is a balance between opposite changes in the gain because of its saturation and because of the frequency shift away from the gain band centre in the presence of chirp.
Comparison of curves 1 and 2 in Fig. 2 shows that a perturbation of the operator in square brackets in the second equation of the system (1), in the form of a local-gain term quadratic in respect of energy, has a critical influence on the branches of the solutions represented by the dashed curves. Hence, we can conclude that only the quasisoliton solutions, described by expression (2) and represented by the continuous curves, are stable against perturbations in the quasisoliton sector of the operator Q. Such solutions correspond to lower energies of the pulses described by expression (2). The greatest interest from the point of view of achieving the conditions described above is the stability of expression (2) against laser noise (continuum). Let us consider this by including in the system of equations (1) an operator q on the assumption that its contribution to a quasisoliton described by expression (2) is small compared with the contribution of the gain and SPM, but is of decisive importance for the stability of the continuum (a similar assumption is made in Ref. [8] in an analysis of the stability of a Schrodinger laser soliton). The solution of the complete system of equations (1) will be sought in the form A(k, t) -a(k, t) + (, where a(k, t) is the solution given by expression (2) and C = Co ex P ^ is a perturbation which is constant in terms of local time.
It is obvious that the behaviour of a perturbation ahead of the leading edge of a pulse described by expression (2) , where the gain is maximal, is of decisive importance from the point of view of stability. We shall therefore use the operator g{-oc|a}. For simplicity, we shall consider active mode locking with a modulation frequency equal to the cavity repetition rate and with a modulation depth M. The condition A. = cc(-oo) -y -M < 0 then implies that the overall gain at the leading edge of a pulse is negative (see Ref. [9] ) and this condition corresponds to a pulse described by expression (2) and stable against the continuum. Fig. 3 shows the stability diagram derived on condition that a(-oc) =y -M in the case of two (curve /) and three (curve 2) terms in the expansion of the local gain. Above each of these curves, the range of parameters of the system ensures stable operation for a pulse described by expression (2) and below these curves the system is unstable.
We can see that, in the absence of additional modulation (M = 0), a quasisoliton of expression (2) is unstable against the continuum, like a Schrodinger soliton in a laser system [10] . Additional modulation makes it possible to stabilise ultrashort pulses. It then follows from an analysis of the parameters of a quasisoliton described by expression (2) that the excitation of a pulse of shorter duration and higher energy requires a large modulation depth. The smaller modulation depth for curve 2 can be explained by the less rapid depletion of the gain which occurs in this case and, consequently, by a smaller value of a(-oo). If the dynamics of the gain is taken into account rigorously, the boundary between the stable and unstable regions lies between curves 7 and 2, and if z ^ 1, a typical moderate modulation depth is sufficient for the stabilisation of a quasisoliton described by expression (2) . In practice, the excitation of a pulse described by expression (2) may be the result not only of introduction of an active or passive modulator of the traditional type (including one based on the use of a nonresonant nonlinearity), but also of a self-induced Stokes shift resulting from SPM and gain saturation, and responsible for the formation of a pulse described by expression (2); this follows also from Ref. [8] .
Truncation of the short-wavelength part of the emission spectrum by introduction of an optical knife-edge between two prisms [8] reduces the spectral losses associated with such truncation in the case of pulses of higher intensity, which are subject to an additional spectral Stokes shift (see, for example, Ref. [11] ). Therefore, an optical knife-edge between a pair of prisms in combination with a red shift because of SPM and gain saturation play the role of an instantaneous saturable absorber.
The role of a phase modulator in the investigation reported in Ref. [5] is p!ayed by a moving mirror which introduces an anti-Stokes shift of the field because of the Doppler effect. Although the shift per one round trip is small, its accumulation leads to 'runaway' of the field away from the gain maximum, but the nonlinear Stokes shift of the stronger components in the direction of the centre of the gain band ensures that they are amplified preferentially.
We shall demonstrate this effect in a numerical experiment based on a model developed in Ref. [12] . Fig. 4 shows the evolution of the spectrum, initially modulated by optical phase -amplitude noise, of a pulse described by expression (2) when the violet Doppler shift per one cavity round trip is 1 kHz, contributed by a moving mirror. We can see that after 1000 round trips in the cavity the noise shifts to the anti-Stokes region because of an additional Stokes shift of a quasisoliton. Since stronger peaks resulting from SPM experience a greater Stokes shift, they are displaced closer to the centre of the gain band and, consequently, they are amplified more effectively. As a result, the phase-amplitude noise is no longer amplified and decays (Fig. 4c) .
It is of interest to compare the parameters of a pulse described by expression (2) and the experimental data given in Ref. [5] . For Nd: YAG, we have T W 0.8 and if y = 0.05, we obtain r p ss 70 ps and <w « -20 GHz, whereas for y = 0.1, we obtain i p w 30 ps and <w«-100GHz, in agreement with Ref. [5] .
In the moving-mirror case there is also an additional mechanism which is symmetric relative to the frequency shift of ultrashort pulses away from the centre of the luminescence band. This mechanism makes the dominant contribution during the intial stage of mode locking and is associated with spectrum widening because of SPM [13] . A pulse which is frequency-shifted away from the centre of the gain band is pushed back to the maximum of the gain band by the gain gradient along the spectral profile of an ultrashort pulse. This shift is proportional to 7 2 coexp(-/ f 2 cy 2 )Aft;, where w is the frequency shift of a pulse from the centre of the Gaussian gain profile and with a spectral half-width 27i/; f ; Aco is the spectral width of the pulse. Since [13] (I-/? 2 / 2 )'/ 2 Acy « -, T P the spectrum of the stronger pulse shifts towards the maximum of the gain band faster, because of the steeper gain profile, which ensures its preferential amplification compared with weaker field peaks. As the intensity of ultrashort pulses increases, contributions come from both of the mechanisms described above and this should lead to a combined mode-locking regime.
In conclusion, we wish to stress particularly that a pulse described by expression (2) forms entirely because of internal factors inherent in any laser system. This makes such quasisolitons very common, compared with solitons of the Schrodinger type discussed in Refs [8, 10] . It explains, in particular, the observation of bandwidth-unlimited frequencyshifted pulses in experiments with an additional cavity [14] . In the latter case, a Fabry-Perot interferometer tuned to an antiresonance plays a role similar to that of an optical knife-edge in Ref. [5] (it increases the transmission of the high-intensity field peaks shifted to the red wavelengths; see also Ref. [15] ).
The mechanism described above can be particularly advantageous when combined with a slow saturable solidstate absorber. The role of the absorber then reduces to stabilisation of ultrashort pulses described by expression (2), whereas the duration of such pulses is governed by nonresonant fast SPM, so that even in the case of long relaxation times of the excitation of crystal switches (such as, for example, V" 1+ : YAG, GSGG, GSAG [16] ) it should be possible to generate ultrashort light pulses in all-solid lasers.
